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Abstract
The entropy of the coexisting gas of ultra cold fermionic atoms and
Bosonic molecular condensate confined in a magnetic trap has been
calculated from equation of motion approaches. We have found that
the entropy production depends not only to the Feshbach resonance
and but also under certain limits to Rabi type oscillation and Bose
Josephson junction type oscillation.
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1 Introduction
The recent experimental observation of Bose - Einstein condensation (B E
C) in a dilute gas of trapped atoms [1] has generated much interest in the
properties of this new state of matter. From the ensuing theoretical and
experimental works [2, 3, 4] it has been concluded that these condensed
atomic gases behave very differently from the ideal non interacting gases,
which yields the prospect of potentially displaying a rich phenomenology
that include vortex states and Josephson like effect[5]etc. A fascinating pos-
sibility is the observation of new quantum phenomena on macroscopic scales,
related with the superfluid nature of the condensate[6, 7].
The G P E has been successfully applied to investigate the different prop-
erties of trapped B E C in various approximations [8] and because of the
nonlinear self-interaction, it could also induce chaotic behaviour in dynam-
ical quantum observables [9, 11, 12].
In this paper we want to determine the entropy of production in the ultra
cold co - existing fermeonic atoms, Bosonic molecules and the molecular con-
densate of Bosonic atoms. The co existing ultra cold mixture of the atoms
and molecular condensates gases will be treated as two -component fluid
with negligible dissipation. A suitable form of Hamiltonian for the system
has been considered for the calculation. This mixture of the gaseous atomic
component, uncondensed Bosonic molecules and the molecular condensate is
close to transition temperature(Tc). The conserved variables in the system
are : the energy, the momentum, and the particle number densities.
2 Formalism
We now treat the coexisting ultra cold fermionic atoms, uncondensed Bosonic
molecules and the Bosonic molecular condensate near transition tempera-
ture (Tc) as a two - component fluid system. We use the equation of motion
approach, from the knowledge of the total Hamiltonian of the system, to
determine the corresponding entropy and investigate how the entropy of the
fluid depends on the atomic and molecular densities and the strength of the
Feshbach interaction which is used to tune the interatomic attraction by
variation of a magnetic field. This system also allows to study the cross over
problem from BCS to BEC at the transition temperature. We assume that
this fluid moves with velocity (~v)or rotates with angular velocity (~ω)slowly
within the harmonic trap. we shall consider the first case. The fermionic
atoms, uncondensed Bosonic molecules may be treated as the normal com-
ponent of the two - component fluid.
2
The total Hamiltonian of the two - component fluid can be written as
H = H0 − ~P .~v, (1)
Here ~P is the total momentum and H0 =
∑∞
β
(pβ)2
2mβ
+ U , with respect to
rest frame. The canonical partition function for this fluid, with N particles
in a volume V is[10]
ZN (T, V,~v) = Tre
−β(H+~P .~v) (2)
The thermodynamic potential,
F (T, V,N,~v) = −T lnZN = E − TS, (3)
satisfies
dF = −SdT − pdV + µdN, (4)
where the average of H0 is the internal energy E. S and T are the entropy
and the temperature of the condensate. The chemical potential is µ. It is
now useful to introduce the grand potential,
A(T, µ,~v, V ) = F − µN, (5)
which is a function of only one extensive variables V and satisfies
dA = SdT − pV −Ndµ. (6)
The grand potential can be written as A = −V p(µ, T,~v), where p = (ε −
ηρ − Ts − ~g.~v). Here η is the chemical potential per unit mass. Since T
and s = V −1S are independent of ~v, the above equation leads to entropy
equation
Tds = dε− ηdρ− ~v.d~g, (7)
where the momentum density is ~g = ~vρ, and ρ = is the density of the
condensate and ε(~r, t) = V −1 < H0 >, the average energy density. The
variations of all conserved variables have been included in the thermody-
namic potentials. Therefore the entropy production equation becomes
T (
∂s
∂t
+∇.(
~j
T
)) = −~j.((∇T )
T
)− (η + v2)∂ρ
∂t
, (8)
where ~j(~r, t) represents the average energy current density. ε(~r, t) and ~j(~r, t)
satisfy conservation law. Integrating above equation over the large volume
subject to boundary condition that ~j goes to zero at its outer surface, gives
the total rate of entropy generation as
T (
dS
dt
) =
∫
d3r[−~j.((∇T )
T
)− (η + v2).∂ρ
∂t
]. (9)
3
The density (ρ)of the system will be written in terms of the atomic (ρa)
and the molecular (ρm) densities. The population imbalance between atoms
which are paired and those which are unpaired will be considered for the
production of entropy.
Now, we introduce the basic Hamiltonian for the fermionic atoms and Bosonic
molecules for the determination of ρa and ρm. The operators(ψa and ψm)for
atomic and molecular species,respectively, to be described by the given
Hamiltonian [13, 14]
H =
∫
d3rψ†a(~r)(
−~2
2m
∇2)ψa(~r) +
∫
d3rψ†m(~r)(
−~2
4m
∇2 + ǫ)ψm(~r)
+
λa
2
∫
ψ†a(~r)ψa(~r)ψ
†
a(~r)ψa(~r)d
3r
+
λm
2
∫
ψ†m(~r)ψm(~r)ψ
†
m(~r)ψm(~r)d
3r + λ
∫
ψ†a(~r)ψ
†
m(~r)ψa(~r)ψm(~r)d
3r
+
α
2
∫
d3r[ψ†m(~r)ψa(~r)ψa(~r) + ψm(~r)ψ
†
a(~r)ψ
†
a(~r)]. (10)
In the above ǫ is the binding energy of the molecule. λa, λm and λ repre-
sent the strengths of the atom-atom, molecule-molecule and atom-molecule
interactions. The interaction strength α characterizes the Feshbach reso-
nance [15] term which leads to molecule formation and dissociation. The
fluctuations of the fields are neglected and they are replaced by their expec-
tation values which are classical variables. Therefore the operators ψa,m(~r, t)
are replaced by classical fields φa,m(~r, t) and the corresponding Heisenberg
equations of motion reduce to coupled time dependent equations [16] as
i~φ˙a =
−~2
2m
∇2φa +Naλa|φa|2φa +Nmλ|φm|2φa +N1/2m
√
2αφmφ
∗
a, (11)
i~ ˙φm = (
−~2
4m
∇2+ε)φm+Nmλm|φm|2φm+Naλ|φa|2φm+ α√
2
Na√
Nm
φ2a. (12)
We begin by seeking a spatially uniform solution of the form
φa,m =
Aa,m(t)√
V
e
−iµa,mt+θa,mt
~ , (13)
where µa,mare the chemical potentials and the amplitudes Aa,m(t) are in
general function of time. Inserting φa,m in the above equations and equating
real and imaginary parts, we led to
θ˙a = λaρaA
2
a+λρmA
2
m−µa+αAm
√
ρmcos[
(2µa − µm)t+ 2θa − θm
~
], (14)
~A˙a = αAaAm
√
ρmsin[
(2µa − µm)t+ 2θa − θm
~
], (15)
4
˙θm = λmρmA
2
m+λρaA
2
a+ ǫ−µm+
αA2a
2Am
ρa√
ρm
cos[
(µm − 2µa)t+ 2θm − 2θa
~
]
(16)
~A˙m =
α
2
A2a
ρa√
ρm
sin[
(2µm − 2µa)t+ θm − 2θa
~
], (17)
In the above ρa =
Na
V and ρm =
Nm
V . Here Na and Nm are the actual
number of atoms and molecules at any time.
In the hydrodynamic approximation with ρa = A
2
a and ρm = A
2
m and φ =
(2µa − µm)t+ 2θa − θm, the above equations become
ρ˙a =
α
~
ρaρm
2
sinφ, (18)
˙ρm = −α
~
ρ2asinφ, (19)
φ = −ǫ+ (2λa − λ)ρ2a + (2λ− λm)ρ2m +
α
~
(2ρm − ρ
2
a)
2ρm
)cosφ. (20)
We note immediately that 2ρ2a + ρ
2
m is independent of time and call this c0.
we now write in terms of the variable z = ρ2a − 4ρ2m and φ, to write
z˙ =
√
2α
3~
(8c + z)(c− z)1/2sinφ (21)
φ˙ = ∆1 − Λz − 3α
2
√
2~
z√
(c− z)cosφ (22)
where
∆˙1 = −ǫ+ c
9
[16λa − 4λ− 2λm] (23)
and
Λ =
−1
9
(2λa + 2λm − 5λ) (24)
For z << 1 and φ << 1 , we have a simple harmonic motion with frequency
ω2 = (Λ + 3α
2
√
2~
)8
√
2
3~ cα. The linearisation above means ρa ≃ 2ρm. Thus
the variable z is the population imbalance between atoms which are paired
and those which are unpaired. If the interaction among the atoms and the
molecules are neglected and only the Feshbach resonance (i.e. α) term is
considered then we have a simple harmonic motion with frequency ω = 2α
~
5
between the atoms and the molecular condensate. This is pure Rabi oscilla-
tion. With the interaction present, the oscillations, according to Smerzi et
al.[9] and Zapata et al. [11], are a Bose Josephson junction oscillation which
are responsible for the oscillations. An interesting limit is when z is small
but φ can be arbitrary. In this case, equations for z and φ reduce to
z˙ =
8
√
2αc3/2
3~
sinφ (25)
φ˙ = ∆1 − Λz − 3αz
2
√
2c~
cosφ (26)
If ∆1 happens to be larger than Λz +
3αz
2
√
2c~
cosφ,then φ˙ = ∆1 and φ =
∆1t. It is now clear that z oscillates with frequency ∆1 i.e. the entropy
production exhibits oscillations.
It should be noted that in the limit of αc
~
= β >> 1, the equations (25) and
(26) admit an exact answer including the nonlinear interaction. In this case
with z/c = y , we can write
y˙ =
8
√
2β
3
(1 + y/8)(1 − y)1/2sinφ (27)
φ˙ = − 3β
2
√
2
y√
1− y cosφ (28)
The above equations lead to
dy
dx
= −32
9
(1 + y/8)
(1− y) tanφ (29)
which integrate to
1
4
ln[
(1− y)
1− y/8] = ln|secφ|+ I0 (30)
where I0 is a constant of integration. We finally observe that Λ can
become negative and if the atom - atom and molecule - molecule scattering
dominates the auto - molecule scattering, then it is possible for the oscilla-
tion to be quenched. In conclusion, we have seen that a gas of ultra cold
Bosonic atoms with a resonance term can allow the formation and dissocia-
tion of molecules and is capable of showing oscillations which are Rabi type
oscillations and Josephson like in certain limits and this suggests that the
entropy production in the system is possible. This is oscillatory, dependent
on the atomic and molecular densities and also on the Feshbach resonance
term, even when the temperature the system becomes constant or the sys-
tem is thermally insulated.
Now suitably controlling the magnetic field, the temperature of the cold
atoms decreases and the Feshbach interaction induces the formation of the
6
molecular condensate. It is interesting to note that the rate of entropy pro-
duction and its frequency of oscillation can be manipulated by varying the
strength of Feshbach resonance with the help of external magnetic field.
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